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Gauss—Bonnet theorem
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0 (Riemannian structure) 0000000 T,M
0oo0oo (,),0,p00000000000
000000030000000000 R*OO
000000000OR}*000000000000
000000 (,),00000000000000
00000000000000 {g;}000000

M 0000 U D0OO0O0O00O0 (x1,22) OO0
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oooooooooooboooboooooon
ooooogo
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[1] S.S. ChernO A simple intrinsic proof of the Gauss—
Bonnet formula for closed Riemannian manifolds,
Annals of Mathematics, 45(4), 19440
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0000O0rO000000O00 R*O0O0OO
0000000000 n00000000000
DO0DO0OR?0000R*000O00000O0C0
0D0000000000000000000

000 I=(eb) 000000 nO0000DO
00 «; =«;(t) 0000000000 13¢—
c(t) = (z1(t),...,2,(t)) 00O0O00O0DO0O0OO
000 ¢00000 ¢t000000000000
00 10000200000000000000
¢, 00000000000 ¢0000000 ¢
0000000000000000000000
0000000 ¢00 CO00 (curve) D000
c0000000D00O00 (parametrization) O
O00a<ty<s<bOOOOOOOOOO ¢O
00 Jléf = (i @)?) ' noo

/t e dt

000000 ¢(ty) 00 ¢s) 00000 (00O)
000000D0000000000 |é&t)) 00
0001000000 ¢c00000000000
(parametrization by arc length) 0000000
0000000000000000000000
000000c0000000000000Oc(t)
00 ¢(s) 000000 f(s) 0000000 f 0O
f#0000000000000 f'O0OO
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00000000000000
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0000000 ¢t00000000000e(t) O
000 1000000¢«00000000 e1(t) O
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k() 000000 ¢(t) 000000 (curvature)
0000000000 0000000 ¢ = (21,22)
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(i1.()2 + 9(1)2)**
00 k(p) 0 000000000 () 00000
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OooOooO (S.S. Chern-R.K. Lashof 000 )0O
ooooooooooobooobooooooon
4 0000000000O000CO0DCDO0O0OD0 2
0000000000 (ooooooo J. Milnor
ooo)o ogoooaoo

o 0o o0 0O

] 000000DD0O0000000D0 (000)00000

19950



h A B ER
...................................... s
1 0 0 O
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0010100000000000 520 G.))
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004 000000000000 O0O0DODO0ODOO
000 n000000O0UDOODODODO (curvi-
linear coordinates) 00000000 DO f; 000

00 (coordinate function) 0000 ‘g((g:’)) 0o
J
000000009 0000y :V U000
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0D00200000000000R? 0000
gobooboobbooboobboooboo
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(x,y) DDDOOOOOORY,,, 000000
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000U =¢(V)OOOOOODODODOODOODO
ggoodddddduw,v0bODQbO0OO0OO0O0OO
0000000000000000 (coordinate
curve) 0000 (22,%2) =0 00000000
Uob0 «0000b-oobbgoboobgd
000000000 DD000D0 (orthogonal co-
ordinates) 0000000022 = |22] O
000000000 ¢ 00000 (conformal
mapping) 00 000000000000000
O (isothermal coordinates) 00000 0O0DO
(x,y) = (z(u,v),y(u,v)) 00O OODOOOODO
gboooooobobobobooooooo
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googoobooobooobooboobog
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2 J0000ooooooobooboon

2.1 J0ODO0O0O0OO0Ooo0OOoO

R’000000000100000000 e1,
e, 000000000000 PeR*00000
0 z(P),y(P)00D0O P=0+z(P)ei+y(P)es
00D000z(P),y(P)D0DO000DO RO
000000000 (affine coordinates) 0000
U00e,eo 0O O0O0O0OOO0OoOooonDOOoOO
000000 (Euclidean coordinates) 00 OO

R}*O0D000ODOO H, KOOOOOOOO
0000 o0oO00O0oooOoKOoOOooooo
0 (z,y) DOODDOOOODOD KOOOOODO
0 HOOOOOD ¢000 (H,KOOOODO
O/(=0)0H\¢OO POOOOOPO OO
00000 KOODOOOO Kooooooo
(z(P),y(P)) 000000000 HOOOOO
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01 0000

2.2 00O
00 ¢:(0,00), X Ig = R, ) O
o(r,0) = (rcosf,rsinb).

000000 000000000000 (polar
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0000 oooooooooooooo r, 60
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O00000r=e, 00000000 ¥(p,0) =
(ePcosb,efsinf) 00DOODOODOOOODOODO
obd p0000oboobooboobooboooonog
00000000000 o4 /—1y = ertV-10
oboboooooogonog

2.3 00OOO
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6 = arctan £
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sinhd = (e —e7%) /2000000 ¢ 000
00000000000000000000 20
0000000009 000000000000
02+ =1y = dcosh(§ + v/~1p) 00D 00O
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2.4 00000

00 ¢:R;,, — R}, 00000000:
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00 o00000000000000 (parabolic
coordinates) 0000 00000DOODOOOOO
0000000000000000000000
0000 z+v-1y=(u+v-1v)>’ 00000
0oo

2.5 0000
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00000 (d>0000)000 00000
00000000 (bipolar coordinates) OO 0O O
w-00000 20 (£4,00000000000-0
0000000 200000000000000
00 (0000D0000)0000w, v0000
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04 0O0OO0OO

ooopooooobooooooboboooobooo
000 ++/—1y = dtanh ™" opgpgoQ
0000000 tanhz =sinhz/coshz0000O

3 DOOoOobouobooooobd
2000000000000000DODOOO
000000 3000000Db0b00000oDo
DODOORY,, 0000 VOOOOOOO
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UOoOO0 {y >0} 0000000DO00OOODO
@ : Vigw x (0,2m)g = RE, .y O
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000000 ¢ 0000000 O0ODODOO0OO
Ubobd «-00oboobobogboooobo
00000O0DbO0o0 2000000000000
0000000000000
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goooooboobgod:
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0000000 M = oU) 000 (surface) O
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0000000 p=y(u,us) 0O0OO M OO
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(first fundamental form) 00O (i,5 = 1,2)0
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0000000000000 k,keOODOOO
O (principal curvature) 0000000000 DO
00000 (principal direction) 00 0O
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O000K DDODOO0OO0OO (Gaussian curvature)d
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mann curvature tensor)
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4 _ 2 k a T a ¥
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a=1

0000000000R 2= —; g1aR%, O

0000000000 KOoooooooooooo
_ Ri212
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00000 (DO00ooOoOo)boooooooo

0000000000000 » 0000000
0oooooooon —2¢ e op
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oooo2e, 22 poopooooO0oOO0ooOoon
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0000000000000 (Doooooo):
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a=1
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gogbooboboobooboobbooobo
gobooboobbooboobboooboo
000000000000 (u,ue) € U OO0
gij, hi; 0000000000 O00O0OOOOOO
00000000000 Uo000d ¢:U — E3
00000 (Dooooooo)o

ggbooobobooobooboobbooobo
gobooboobbooboobboooboo
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ooooooooooboooo Ffj,DDDI]EID
oooo RfjkDDDDDDDDDDDDDDD

cooooooooooboooo

3 0ooad
00 MOOOOoOoooood (p:U—>E3|]
gddodooooooood
A(p) dv

U
0000 (dv=+/g11922 — (g12)%durduy 000

0) 000000000 vOOOOO HODOO
00 HyOOOOOOOOOO (mean curvature
vector field) 00000000 0000000
0000 VOODOOO0OOoOO0O . =¢p+eV 00
oooooooooood

Alpe) = Alg) + ¢ / (Hv, Vydu + o(c)
U
go0oooo0ooo MoOooooooooo
Jo00ooooodo 1goooooooooo

oooooOoOoooooOoobboobcOoOoooon
0000 (minimal surface) 000 0O

4 0000

E}00000000000000000000
Or000M={zeE3|z|=r}00000O
00 1/7°000 (r>0000)0(y,2)-000
od z:§cosh)\yDy7DDDDDDDDDD
0000000000 (catenoid) 1000000
00000 (A>0000)0

R*000 (,)YD0O0O0000O:
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00(,Y 0000000000000 MOOO
0000000000000000000 MO
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